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“Simple can be harder than complex: You have to work hard to get your
thinking clean to make it simple. But it's worth it in the end because once
you get there, you can move mountains.”

Steve Jobs.
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MULTIPLE LINEAR REGRESSION
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Linear Algebra (background)
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Generalized Theorem of Pythagoras
If u and v are orthogonal vectors in an inner product space, then

[Ju+ Vi[> = [Jul|* + Iv|]
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Let W be a subspace of an inner product space V. A vector u in V is said
to be orthogonal to W if it is orthogonal to every vector in W, and the
set of all vectors in V' that are orthogonal to W is called the orthogonal

complement of /.
Note. The orthogonal complement of a subspace W is denoted by W+
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Properties of Orthogonal Complements
If W is a subspace of finite-dimensional inner product space V/, then:

@ W is a subspace of V
@ The only vector common to W and W is 0.
@ The orthogonal complement of W+ is W; that is (W)L = W
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Geometric Link between Nullspace and Row Space
If Ais an m x n matrix, then:

© The nullspace of A and the row space of A are orthogonal
complements in " with respect to the Euclidean inner product.

@ The nullspace of AT and the column space of A are orthogonal
complements in R with respect to the Euclidean inner product.
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Projection Theorem
If W is a finite-dimensional subspace of an inner product space V/, then
every vector u in V' can be expressed in exactly one way as

u=wj + Wwp

where wy is in W and wy is in W=,
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Best Approximation Theorem
If W is a finite-dimensional subspace of an inner product space V/, and if u
is a vector in V/, then projyu is the best approximation to u from W in
the sense that

Ju— projyul| < [lu - wl|

for every vector w in W that is different from proj,y u.
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Least Squares Problem

Given a linear system X3 =y of m equations in n unknowns, find a vector

B, if possible, that minimizes || X3 — y|| with respect to the Euclidean inner
product on R™. Such vector is called a least squares solution of X3 =y.
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To solve the least squares problem, let W be the column space of X

W = C(X) ={X3 where 8 in R"}

Thus, for a vector /3 to be a least squares solution of X3 =y, this vector
must satisfy

X = projc(x)y-
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We could try to find least squares solutions of X3 =y by first calculating
Projc(x)y and then solving for 5. But there is a better way.
We know that for any y in R”

y = [projcix)y] + [y — proicix)y]

where projc(xyy is in W = C(X) and y — proj¢(x)y is in W+ = C(X)*+.
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We know that y — proj¢(x)y is orthogonal to C(X). Recalling that C(X)

represents the column space of X and, by Theorem C 2),

C(X)*t = N(XT), we have that

XT(y —projcx)y) =0
XT(y—XB)=0
XTy—XTX3=0
XTy=XTXB (XTX invertible)
(XTX)'XTy =5
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If X is an m x n matrix with linearly independent column vectors, then for
every m X 1 matrix y, the linear system X =y has a unique least squares
solution. This solution is given by

B=(XTX)xTy

Moreover, if W is the column space of X, then the orthogonal projection
of yon Wis

projiyy = X = X(X"X) Xy
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Example 1. Simple Linear Regression

Consider regression model

yi=Bo+Pi(xi —X)+e, =12 ,n,
E(e;) = 0 and Var(e;) = o2,

7 1 x1—X €1
Y2 1 X — X €2
V3 — 1 x3—Xx o 4 €3

. . /81 .
Yn 1 x,—X €n
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1
(XTX) = ( ;
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= (s )
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DY

B=XTX)IXTY = s -
- - Do (xi=X)yi
ZI"]:I(XI'_)_(P
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Example 2. Simple Linear Regression (again...

Consider regression model

Yi=PBo+bixi+e, i=1,2---n,
E(e;) =0 and Var(e;) = o2.

b4l 1 x €1
Y2 1 x )
s =] 1 x I
. p1 :
Yn 1 Xn €n
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xTx:< LAY g >
S Xi i XF
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XTY — ( 2;17:1 Yi )
Zi:1 XiYi
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B=(XTX)IXTY

B = 1 ( [27:1 Xlz] Doy il = o Xl D7 xivi] )
ny i (x —X)? ny iy xiyi — Do xil Do vil
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B=(XTX)IXTY

b= o ( RVl )
: >y xiyi — n[X] [7]
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B=(XTX)IXTY

B= v ( (> xP] 7] — nxPy + nx2y — [R] 207y xivil )
‘ Yoimi(xi = X) i — %)
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Classical Linear Regression Model

Y = X 8 4+ _€e
— N e ~—
(nx1) n><(r+1)(r+1)><1 (r+1)x1
E(e)= _0 and Cov(e) = o°I,
~— ~—
(nx1) (nxn)
where 3 and o2 are unknown parameters and the design matrix X has jth
row [1, Xj1, - , Xr|.

Al Nosedal Fall 2018 30 /97



Let A and B be matrices of appropriate dimensions.
o (A H)l=A
° (AT)—l — (A—l)T
o (AB) ' =pB"1A"1
The last equality only holds when A and B both have inverses. The

second to the last property implies that the inverse of a symmetric matrix
is symmetric.
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Let X have full rank r + 1 < n. The least squares estimate of 3 in the
Classical Linear Regression Model is given by
b= (XTX)"'xTy

Let § = X3 = Hy denote the fitted values of y, where
H=X(X"X)"1XT is called “hat” matrix. Then the residuals

e=y—y=[-XX"X)"'XTly = (I - H)y
satisfy XTé =0 and y7é = 0. Also, the

residual sum of squares = ¢&'¢
= Y =X(XTX)"XT]y
= yTy—y'XB
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A random vector is a vector whose elements are random variables. The
expected value of a random vector is the vector consisting of the expected
values of each of its elements.

Let y represent a random vector of p variables measured on a sampling
unit (subject or object). The mean of y over all possible values in the
population is called the population mean vector or expected value of y. It
is defined as a vector of expected values of each variable,

%1 E(y1) H1
y2 E(y2) 2
Yp E(yp) Hp
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Covariance Matrices

If y is a random vector taking on any possible value in a multivariate
population, the population covariance matrix is defined as

011 012 ... Olp

021 022 ... O2p
Y =cov(y) = .

Opl Op2 .- Opp

The diagonal elements 0j; = af are the population variances of the y's,
and the off-diagonal elements o, are the population covariances of all
possible pairs of y's.

The population covariance matrix can also be found as

> = E[(y — E(y)(y — E(y))]
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Correlation Matrices

The population correlation matrix is defined as

1 pi2 ... pip
P )= | L
Ppl  Pp2 1
where pj = ;{:k.

Al Nosedal Fall 2018 35 /97



Let A be a fixed r x n matrix, let ¢ be a fixed r x 1 vector, and let Y be
an n x 1 random vector, then

@ E(AY +¢) = AE(Y) + ¢
@ Cov(AY +c) = ACov(Y)AT
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Let X and Y be random matrices of the same dimension, and let A and B
be conformable matrices of constants.

O E(X+Y)=EX)+E(Y)
@ E(AXB) = AE(X)B
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Let A= {ajj} be a k x k square matrix. The trace of the matrix A,
written tr(A), is the sum of the diagonal elements; that is,

k
tr(A) = Z ajj
i=1
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Let A and B be k x k matrices and ¢ be a scalar.
e tr(cA) = c tr(A)
o tr(A+ B) = tr(A) & tr(B)
e tr(AB) = tr(BA)
(B71AB) = tr(A)

@ tr
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Let A be a k X k symmetric matrix and x be a k x 1 vector. Then

xTAx = tr(xT Ax) = tr(AxxT)
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Under the general linear regression model, the least squares estimator
B=(XTX)2XTY has E(8) = 3 and Cov(j3) = 62(XTX)!

The residuals € have the properties E(¢) = 0 and Cov(é) = 02[I — H.
Also, E(é7¢) = (n—r —1)0?, so defining

Te  YT[I—H]Y

2 _ €
—(r+1)  n-r-1

§° =

we have E(s?) = 2.

Moreover, 3 and € are uncorrelated.
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EB) =

E((XTX)7XTY)
XTX)IXTE(Y)
XTX)"IxXTxp
B
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Cov(f) = Cov ((XTX)*leY)
- [(XTX)—le} Cov(Y) [(XTX)—le} !
= [(XTX)—le} Cov(Y)X [(XTX)_l] !
= (XTX)IXT Cov(Y)X(XTX)7?

= 2(XTX)IXTX(XTX)™!
= o}(X"Xx)?
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Gauss-Markov theorem

Let Y = X8 + ¢, where E(¢) = 0 and Cov(e) = 02/, and X has full rank
r+ 1. For any c, the estimator
c"B=cobo+cfi+-+ch

of ¢ 3 has the smallest possible variance among all linear estimators of
the form

alY=aYi+aYet+ -+a,Y,

that are unbiased for ¢’ 3.

~

(Note. [ represents the least squares estimator)
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Multivariate Normal Distribution.
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Univariate Normal (Definition)

A random variable Xj has the Normal distribution with mean p; and
variance o2, denoted X; ~ N(u1,0?) whose density is given by

f(xl):églex;,{_; (xl;ul)z}

where —oco < x1 < 0.
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The joint density of two independent Normal variates is thus
f(Xl,Xz) = f(X]_)f(X2).

1 1| (x—m\° xo — 2\
f(Xl,Xz) = EXPY — = +
2T0102 2 o1 o2
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|Z| = det(X) = 0203
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Note that

(x =) 7 (x—p) = <X1 _“1)2+ <X2 —u2>2

01

The joint density can be written as

f(x1,x) = Wi’z‘l/zexp {—;(x — )= (x — u)}
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Multivariate Normal Density

It can be shown that a p-dimensional Normal density for the random
vector X = (x1,X2, ..., Xp) has the form

/

1 1 _
f(x) = (27T)”/2|}:|1/2€XP{_2(X —p) T (x - N)}

We say that x is distributed as Np(u, X), or simply x is Np(u, X).
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Example. Bivariate Normal Density

Let us evaluate the p = 2 variate Normal density in terms of the individual
parameters p1 = E(X1), p2 = E(X2), 03 = Var(X1), 03 = Var(Xa),
COV(Xl,XQ) = 012, and p = iz — COr(Xl,Xg).

0102

2
> — ( 01 pPo102 >
- 2
po1o2 03 2%2

|| = ofo3(1 - p?)

>1_ 1 O'% —p0o102
- o2 2(1 —p?) \ —po1o o2
0192 P po102 1 2x2
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Note that

! [(xl—m)2 <xZ—u2>2 <xl—m> <X2—M2>]
= 5 + —2p .
1—-p o1 02 o1 02
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Hence,

1

f(xi, %) =
2my /o202 (1 — p)
o [ () () 2 () (2522 |

X
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This last expression is useful for discussing certain properties of the
Normal Distribution. For example, if the random variables X; and X5 are
uncorrelated, so that p = 0, the joint density can be written as the
product of two univariate Normal densities, that is f(x1,x2) = f(x1)f(x2).
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A p — vector X has a p-variate Normal distribution iff a’ X has a
univariate Normal distribution for all constant p-vectors a.
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i) Any linear transformation of a Multinormal p-vector is Multinormal.
ii) Any vector of elements from a Multinormal p-vector is Multinormal. In
particular, the components are univariate Normal.
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The moment generating function of a multivariate random variable X is
given by
My (t) = E[et X]

provided this expectation exists in a rectangle that includes the origin.
More precisely, there exists h; > 0, i =1,--- , p, so that the expectation
exists for all t such that —h; < t; < h;, i=1,---,p.

The following two results, which will not be proven, provide the rules for
handling multivariate mgf's.
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If moment generating functions for two random vectors X; and X, exist,
then the cdf's for X; and X are identical iff the mgf's are identical in an
open rectangle that includes the origin.
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Assume the random vectors Xy, Xp, - -+, X, each have mgf's I\/Ixj(tj),
j=1,---,p, and that X = (X{,X],--- ,XT)7T has mgf Mx(t), where t
is partitioned similarly. Then Xy, Xp, --- , X, are mutually independent iff

Mx(t) = MXI(tl) X MX2(t2) X oo X Mxp(tp)

for all t in an open rectangle that includes the origin.
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If X is p-variate Normal with mean p and covariance matrix X, its MGF is

1
M(t) = exp [tTu + 2tTZt]
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Corollary

The components of X are independent iff X is diagonal.
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Corollary

Let X ~ Np(,X), and Y1 = a1 + B1.X, Yo = ap + B>X, then Yj and Y>
are independent iff B;¥B) = 0.
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Recall from Linear Algebra that A is an eigenvalue of a matrix A with
eigenvector x(# 0) if

Ax = A\x

(x is normalized if xTx = dica x,-2 =1).
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Recall also that if A is a real symmetric matrix, then A can be
diagonalized by an orthogonal transformation B, to D, say:

BTAB=D

(it can be shown that if A is an eigenvalue of A, then A is an eigenvalue of
D too).
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Then a quadratic form in Normal variables with matrix A is also a
quadratic form in Normal variables with matrix D, as

xTAx =xT"BDBT"x = y" Dy, (define y = B x)
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If P is idempotent, its eigenvalues A are 0 or 1.
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The rank of a matrix A is the dimension of the row space of A.
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If P is symmetric and idempotent, its trace is its rank.
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We will be interested in symmetric projection (so idempotent) matrices P.
Because their eigenvalues are 0 or 1, we can diagonalize them by
orthogonal transformations to a diagonal matrix of Os and 1s. So if P has
rank r, a quadratic form x Px can be reduced to a sum of r squares of
standard normal variates. By relabelling variables,

XTPx =yl +y5 4oty
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Let Y = X5 + ¢, where X has full rank r + 1 and € is distributed as
N,(0,021). Then,

B=(XTX)IXTY is distributed as N,;1(8,0%(XTX)™})
and is distributed independently of the residuals € =Y — XB. Further,

¢Te s distributed as o2xf,_,_1

Al Nosedal Fall 2018 73 /97



Let Yy denote the value of the response when the predictor variables have
values x{ = [1, %01, -+ , Xor]. According to the model Y = X3 + ¢, where
X has full rank r 41 and € is distributed as N,(0,c2/), the expected value

of Yy is
E(Yolxo) = Bo + Bixor + - + Brxor = XOTB

. . T A
Its least squares estimate is x; [3.
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For the linear regression model Y = Xﬁ + €, where X has full rank r +1
and e is distributed as N,(0,021), xJ 3 is the unbiased linear estimator of
E(Yo|xo) with minimum variance, Var(x{ 5) = x; ( TX) 1xp0?. A
100(1 — )% confidence interval for E( Y0|x0) = x4 3 is provided by

xd B £ tar1 (%) \/XOT(XTX)_1X0$2

where t,_,_1 (§) is the upper 100(cv/2)th percentile of a t-distribution
with n —r — 1 d.f.
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Prediction of a new observation, such as Yy at XOT = [1,x01, - ,Xor]- is
more uncertain than estimating the expected value of Y. According to

our regression model
Yo =5 B+ €0

where ¢ is distributed as N(0,02) and is independent of ¢ and, hence, of
B and s2.
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Given the linear regression model Y = X + ¢, where X has full rank r 41
and ¢ is distributed as N,(0,02/), a new observation Yy has the unbiased
predictor
xg B=Po+ Prxor + - + Brxor
The variance of the forecast error of Yy — xOTBA is
Var(Yo — x4 5) = 0%(1 + x{ (X7 X)"1x)
A 100(1 — a)% confidence interval for E(Yp|xo) = x4 3 is provided by

Bt tnr (5) VLT (XTX)1x)s2

where t,_,_1 (§) is the upper 100(cr/2)th percentile of a t-distribution
with n—r —1d.f.
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Examples
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Let Y7 and Y; be independent, Normal random variables (E(Y1) = p1,
E(Y2) = p2, V(Y1) = 02, and V(Y2) = 03. Let a1 and a, denote known
constants. Find the probability distribution of the linear combination
U=a1Y1+aYo.
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The MGF for a random variable X that has a Normal distribution with
parameters p and o2 is Mx(t) = exp{ut + ot?/2}.

Mu(t) _ E[eUt] _ E[e(a1Y1+a2Y2)t] _ E[ea1Y1t]E[ea2Y2t]
— E[e" (0] E[e"0] = My, (216) My, (2:¢)
= exp{uart + o3ait? /2 exp{upant + o3a3t?/2}

Muy(t) = exp{(a1p1 + a2pi2)t + (aiof + a505)t°/2}

Therefore U has a Normal distribution with mean a1 + axpo and

; 2.2 22 2
variance ajoi + a5os.

Al Nosedal Fall 2018 80 / 97



If x is distributed as N,(x, X), then any linear combination of variables
a'x=aixy + axo + ... + apxp is distributed as N(a'x, a'}:a).
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Consider the linear combination a’'x of a Multivariate Normal random
vector determined by the choice a' = (1,0,0, ...,0) with

’

E(x) = (p1, 2, s f1p)

and

V(x) = Zpxp

Find the distribution of a'x.

Al Nosedal Fall 2018 82 /97



E(a'x)=a E(x) =
V(ax)=a V(x)a=aXa=o?

More generally, the marginal distribution of any component x; of x is
N(/L,‘ 0'2)
[

Al Nosedal Fall 2018 83 /97



If xpx1 is distributed as Np(upx1, X), the g linear combinations
anxi + aiexe + ... + aipXp
AgxpXpx1 = a21Xx1 + axnXxo + ... + a2pXp

18g1X1 + ageX2 + ... + agpXp ax1

are distributed as Nq(Au,AZA'). Also, xpx1 + dpx1 where d is a vector
of constants, is distributed as Ny(p +d, X).
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For x distributed as N3(u, X), find the distribution of

X1 — X2 o 1 -1 0 X
x—x3 ) \0 1 -1 =

X3
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Mean.
H1— p2
Au =
a < 2 — 143 >

AZA’z( o1+ 05 — 2012 012 — 013 + 023 — 03 )

Covariance matrix.

2 2, 2
012 — 013 + 023 — 05 o5 + 05 — 2003
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If x is distributed as Ns(u, X), find the distribution of

(%)
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M1
2

Ha
s

011 012 013 014 O15
012 022 023 024 025
2= 013 023 033 034 035
014 024 034 044 045
015 025 035 045 O55
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Let us rearrange x

X2
X4

X3
X5

Al Nosedal Fall 2018 89 / 97



M2
Ha

U3
s

022 024 021 023 025
024 044 041 043 045
041 011 013 015
023 043 013 033 035
025 045 015 035 055

Z*

Il
Q
N
=
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Mean.

Covariance matrix.

V(Ax*) = AV(x*)A' = AT*A’ = < o2 024 )
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All subsets of x are Normally distributed. If we respectively partition X, its

mean vector p, and its covariance

Xpx1

Hpx1

matrix X as

_ X1

= %

_ < M1 >
2

where x; and p; are g x 1 vectors and x» and up are (p — q) x 1 vectors.
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Result (cont.)

s T I
pxp 3y Xy
where X171 is ¢ X q, X12is ¢ X (p—q), Xo1is (p—q) x g, and Xy is

(p—q)x(p—q)
then x; is distributed as Ng(f1, X11)-
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If x1 (g1 x 1) and x2 (g2 x 1) are independent, then cov(x1,x2) =0, a
g1 X go matrix of zeros.
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Let x3x1 be N3(/L,z) with

Are x; and xp independent? What about (x1,x2) and x3?
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Since x; and x» have covariance o1» = 1, they are not independent.
Partitioning x and X we see that x; = (X]_,XQ)/ and x3 have covariance

matrix
0
2= < 0 >

Therefore, (x1,x2) and x3 are independent.
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X1
X(@+aq)x1 = X2

is Normally distributed with mean

_ ([ 1
X(gi+q2)x1 = ( Lo )

< 2 Xpp >
25 Xp»

then x; and x; are independent if and only if X1, = 0.

and covariance matrix
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