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"If you can't explain it simply, you don’t understand it well
enough”

Albert Einstein.
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Definition 9.1

Given two unbiased estimators 9Al and 92 of a parameter 6, with
variances V/(61) and V/(63), respectively, then the efficiency of 6;
relative to 0, denoted eff(61, 62), is defined to be the ratio

~

eff(él, ég) = géz\j;
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Properties of Point Estimators and Methods of Estimation Relatlve Eifieangy

ariance Unbiased Estimation

Exercise 9.1

In Exercise 8.8, we considered a random sample of size 3 from an
exponential distribution with density function given by

f(y):{ (1/0)eY/0 y>0

0 elsewhere

and determined that §; = Yi, 6, = (Y1 + Y2)/2,

f3 = (Y1+2Y,)/3, and f5 = Y are all unbiased estimators for .
Find the efﬁaency of 91 relative to 95, of 02 relative to 95, and of
05 relative to 05
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Properties of Point Estimators and Methods of Estimation

Solution
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Relative Efficiency

Properties of Point Estimators and Methods of Estimation Con

Minimum-Variance Unbiased Estimation

Solution

~ . R
eff(f1, 05) = 35@3 -3 -1
o A
eff(f,, fs) = 353 =F=12
cg
eff(03, 05) = {7 = 52 = 3

i
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Exercise 9.3

Let Y1, Y5,..., Y, denote a random sample from ’Ehe uniform
distribution on the interval (6,6 + 1). Let §; = Y — 3 and
02 =Y — a1

a. Show that both #; and 6> are unbiased estimators of 6.
b. Find the efficiency of 61 relative to 65.
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

a. E(f1) = E(V— 1)y = E(Y) - E(}) = E(HtYaratYny _

1_
5=
Since Y; has a Uniform distribution on the interval (6,6 + 1),
check Table).

V() = V(Y — §) = V(F) = V(i) =

=
<
I

M‘H
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

Let W = Y, = max{Y1,..., Ya}.

Fw(w) = P[W < w] = [Fy(w)]"

fw(w) = g Fw(w) = n[Fy(w)]" y (w)

In our case, fiy(w) = n[w —0]"1, 0 <w <0 +1.

Now that we have the pdf of W, we can find its expected value
and variance.
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

= f90+1 nwlw — 0] Ldw (integrating by parts)

wlw — 6]+ — [7 [w — 6] dw

)
)=
;=(9+1ﬂ>—[wniﬁ2“ (0+1) — 7
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

E(W?) = f90+1 nw?[w — 0]"1dw (integrating by parts)
E(W?) = w2[w — 0]"[572 — [T 2w[w — 6] dw
E(W?) = (0+1) = 321 Jy " (n+ wlw — 0]"dw
EW?) = (0+17 ;2 (6+ 23)

E(W?) = (0+1° - 25 — 3%
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Properties of Point Estimators and Methods of Estimation Relat_liver Efficiency
Consistency
Sufficiency
Minimum-Variance Unbiased Estimation

Solution

V(W) = E(W?) — [E(W)]?

2
V(W) =62 +20+1- 25 — 2, — [o+ o]
(after doing a bit of algebra . . .)
V(W) = G
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Properties of Point Estimators and Methods of Estimation

Relative Efficiency
Consi

Solution

Minimum-Variance Unbiased Estimation

E(e}) = E(W — ;15) = E(W) — E(;14) = 6 + 15 —
V(02) = V(W — nil) = V(W)= m

n_ _
1 = 0.
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Relative Efficiency

Properties of Point Estimators and Methods of Estimation Con
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Solution
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Definition 9.2

The estimator 9,, is said to be consistent estimator of 6 if, for
any positive number e,

lim P(|6,— 0] <¢)=1

n—oo

or, equivalently,

n|l_>l’T;O P(|60, — 0] >¢€) =0.

Statistics and Probability 11
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Theorem 9.1

An unbiased estimator é,, for 6 is a consistent estimator of 6 if

lim V(d,) = 0.

n—oo
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Exercise 9.15

Refer to Exercise 9.3. Show that both 91 and 92 are consistent
estimators for 6.
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

Recall that we have already shown that 51 and 0A2 are unbiased
estimator of 6. Thus, if we show that lim,_,~, V(1) = 0 and
limp—o00 V(62) = 0, we are done.

Clearly,
0< V(d) =~
= VY T o,
which implies that
lim V(8;) =0
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Relative Efficiency

Consistency

Sufficiency

Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

A n n 1 (n+2) 1

=V S 1 T ) 12 S (k) (a1

which implies that

. A < . -
n||—>nclo V(eg) - n||—>n;o (n + 1)2 0

Therefore, HAl and 92 are consistent estimators for 6.

Al Nosedal. University of Toronto. STA 260: Statistics and Probability Il



Relative Efficiency
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Properties of Point Estimators and Methods of Estimation

Definition 9.3

Let Y1, Ya,..., Y, denote a random sample from a probability
distribution with unknown parameter . Then the statistic
U=g(Y1,Ya,.., Ys) is said to be sufficient for 6 if the
conditional distribution of Y1, Y5, ..., Y,, given U, does not depend
on 6.
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Relative Efficiency
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Properties of Point Estimators and Methods of Estimation

Example

Let X1, X2, X3 be a sample of size 3 from the Bernoulli
distribution. Consider U = g(X1, X2, X3) = X1 + X2 + X3. We will
show that g(Xi, X2, X3) is sufficient.
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Relative Efficiency
. Y

Properties of Point Estimators and Methods of Estimation onsistenc
s %

Y
Minimum-Variance Unbiased Estimation

Solution

Values of U fX1,X2,X3|U

(0,0,0) 0 1

(0,0,1) 1 1/3
(0,1,0) 1 1/3
(1,0,0) 1 1/3
(0,1,1) 2 1/3
(1.01) 2 1/3
(1,1,0) 2 1/3
(111) 3 1
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Properties of Point Estimators and Methods of Estimation

Example

The conditional densities given in the last column are routinely

calculated. For instance,
fxi, %0, U=1(0,1,0]1) = P[X1 = 0, X2 = 1, X3 = 0|U = 1]
_ P[X1=0 and X>=1 and X3=0 and U=1]

= P[U=T]
_ (1-p)(p)(a=p) _ 1
(})p(1—p) 3
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Properties of Point Estimators and Methods of Estimation

Definition 9.4

Let y1, ¥, ..., Yo be sample observations taken on corresponding
random variables Y7, Yo, ..., Y, whose distribution depends on a
parameter 6. Then, if Y7, Y5, ..., Y, are discrete random variables,
the likelihood of the sample, L(y1,ys, ..., ya|0), is defined to be
the joint probability of yi, y», ..., yn. If Y1, Y2, ..., Y, are continuous
random variables, the likelihood L(yi, y», ..., ya|0), is defined to be
the joint density of y1, yo, ..., ¥n.
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Properties of Point Estimators and Methods of Estimation

Theorem 9.4

Let U be a statistic based on the random sample Y1, Y5, ..., Ya.
Then U is a sufficient statistic for the estimation of a parameter
6 if and only if the likelihood L(0) = L(y1, y2, ..., ¥n|0) can be
factored into two nonnegative functions,

L(y17y27 7yn|9) = g(u7 e)h(ylay% "'ayn)

where g(u,0) is a function only of u and 6 and h(y1, y2, ..., ¥n) is
not a function of 6.
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Properties of Point Estimators and Methods of Estimation

Exercise 9.37

Let X1, X5, ..., X, denote n independent and identically distributed
Bernoulli random variables such that
P(Xi=1)=60 and P(X;=0)=1-96,

for each i =1,2,...,n. Show that >_7 ; X is sufficient for 6 by
using the factorization criterion given in Theorem 9.4.
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Properties of Point Estimators and Methods of Estimation

Solution

L(x1, X2, ..., xn|0) = P(x1|0)P(x2|0)...P(xx|0)
= g1i(1— B)1gR(1 — )l 2.0 (1 — g)l
— i %i(1— 9)”_27:1 Xi

By Theorem 9.4, >°7 , x; is sufficient for 6 with

gD xi,0) = 0X5(1 — o) Tiax
i=1
and

h(x1, X2, .oy xn) =1
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Properties of Point Estimators and Methods of Estimation

Indicator Function

For a < b,

|1 ifa<y<b
lan)(y) = 0 otherwise.
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Exercise 9.49

Let Y1, Y2, ..., Y, denote a random sample from the Uniform
distribution over the interval (0,6). Show that
Yin) = max(Y1, Y2, ..., Ya) is sufficient for 6.
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Properties of Point Estimators and Methods of Estimation

y
Sufficiency
Minimum-Variance Unbiased Estimation

Solution

L(y1, yo, .- ,yn|9) = f(y1|9) (y210)-..f (yal0)
/(09 (1) 50,0 (¥2)--5 10,0y (¥n)
= 770,60/ (1) /10.0)(v2)---I10,0) (V)

= 2:0.0)(¥(n))
Therefore, Theorem 9.4 is satisfied with

gm0 = 4 /(o 0)(¥(n))

and

h(y17y27 "'7yn) = 1
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Exercise 9.51

Let Y1, Y5, ..., Y, denote a random sample from the probability
density function

ef(yfe) y 2 0

i) ={

Show that Y(y) = min(Y1, Y2, ..., Yy) is sufficient for 6.

elsewhere
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Relative Efficiency
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Minimum-Variance Unbiased Estimation

Properties of Point Estimators and Methods of Estimation

Solution

L(y1, y2, -, ¥nl0) = F(y1|0)f (y216)...f (yn|0)
= e_(yl_e)/[9,00)(yl)e_(yQ_e)/[9,00)(Y2)"'e_(yn_9)I[@,oo)(yn)
= e"e™ XYy ) (1) 19.00) (¥2) - fj6.00) (V)
= eMe™ XYy o) (v))
= 9”0/[9700)()/(1))(3— i
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Minimum-Variance Unbiased Estimation

Solution

Therefore, Theorem 9.4 is satisfied with

g(v1),0) = "™ lig ooy (v(1))

and

h(y17y27 ~~-7yn) =e 1 yi
and Y{y) is sufficient for 6.
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Properties of Point Estimators and Methods of Estimation

Theorem 9.5

The Rao-Blackwell Theorem. Let & be an unbiased estimator for
0 such that V() < co. If U is a sufficient statistic for 6, define
0* = E(G|U). Then, for all 0,

E(G*)=6 and V(0*) < V(D).
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Minimum-Variance Unbiased Estimation

Proof

Check page 465.
(It is almost identical to what we did in class, Remember?)
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Properties of Point Estimators and Methods of Estimation

Exercise 9.61

Refer to Exercise 9.49. Use Y(, to find an MVUE of 6.
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Properties of Point Estimators and Methods of Estimation

cy
Minimum-Variance Unbiased Estimation

Exercise 9.62

Refer to Exercise 9.51. Find a function of Y(y) that is an MVUE
for 6.
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Properties of Point Estimators and Methods of Estimation

Minimum-Variance Unbiased Estimation

Solution

Please, see review 2.
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Method of Moments

The Method of Moments

The method of moments is a very simple procedure for finding an
estimator for one or more population parameters. Recall that the
kth moment of random variable, taken about the origin, is

e = E(Y5).

The corresponding kth sample moment is the average

n
/ 1
my = — E )/I'k.
n-<
i=1
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Method of Moments

The Method of Moments

Choose as estimates those values of the parameters that are
solutions of the equations ,u/k, for k =1,2,....t, where t is the
number of parameters to be estimated.
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Method of Moments

Exercise 9.69

Let Y1, Y5,..., Y, denote a random sample from the probability
density function

[ 0+1)y? 0<y<l; 0>-1
Flvlo) = { 0 elsewhere

Find an estimator for 8 by the method of moments.
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Method of Moments

Solution

Note that Y is a random variable with a Beta distribution where
a=060+1and 8 = 1. Therefore,

« 0+1

(we can find this formula on our Table).
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Method of Moments

Solution

The corresponding first sample moment is

m;:iiY;:V.
i=1
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Method of Moments

Solution

Equating the corresponding population and sample moment, we

obtain
O+1
L, V4
0+ 2
(solving for 0)
5 o 2Y—-1 1-2Y
MOM =y ~ v-1
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Method of Moments

Exercise 9.75

Let Y1, Y2, ..., Y, be a random sample from the probability density
function given by

re0)  o— 60— .
f(y|0) = reopRY 1-y) 1t 0o<y<1; 6>-1
g 0 elsewhere

Find the method of moments estimator for 6.
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Method of Moments

Solution

Note that Y is a random variable with a Beta distribution where
o =60 and 8 = 0. Therefore,
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Method of Moments

Solution

The corresponding first sample moment is

m;:iiY;:V.
i=1
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Method of Moments

Solution

Equating the corresponding population and sample moment, we
obtain

(since we can’t solve for 6, we have to repeat the process using
second moments).

Al Nosedal. University of Toronto. STA 260: Statistics and Probability Il



Method of Moments

Solution

Recalling that V(Y) = E(Y?) — [E(Y)]? and solving for E(Y?),
we have that
(we can easily get V(Y) from our table, Right?)

’—E(Y2)——62 TR S
He = T (2002020+1) 4 420+1) 4
(after a little bit of algebra...)

0+1
40 +2°

E(Y?) =
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Method of Moments

Solution

The corresponding second sample moment is

n
/ 1
n«
i=1
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Method of Moments

Solution

Solving for 6
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Method of Maximum Likelihood

Method of Maximum Likelihood

Suppose that the likelihood function depends on k parameters 64,
0>, . . ., 0. Choose as estimates those values of the parameters
that maximize the likelihood L(y1, y2, ..., yal01, 02, ..., Ok).

Al Nosedal. University of Toronto. STA 260: Statistics and Probability Il



Method of Maximum Likelihood

Problem

Given a random sample Y7, Y2, ..., Y, from a population with pdf
f(x|0), show that maximizing the likelihood function,
L(y1,y2, ..., ¥n|0), as a function of @ is equivalent to maximizing

InL(y1, y2, ..., yn|0).
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Method of Maximum Likelihood

Let HAMLE, which implies that

L(y1, Y2, s ¥nl0) < L(y1, Y25 -y yalOmre) for all 6.

We know that g(6) = In(#) is monotonically increasing function of
0, thus for 61 < 0, we have that In(61) < In(6>).
Therefore

InL(y17y2> 7}/n|0) < /nL(Y17Y27---7}/n|9AMLE) for all 6.

We have shown that InL(y1, y», ..., yn|f) attains its maximum at
OmLe.
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Method of Maximum Likelihood

Example 9.16

Let Y1, Y5,..., Y, be a random sample of observations from a
uniform distribution with probability density function f(y;|0) = %,
for0<y;<@andi=1,2, ..., n Find the MLE of 6.
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Method of Maximum Likelihood

MLEs have some additional properties that make this method of
estimation particularly attractive. Generally, if 8 is the parameter
associated with a distribution, we are sometimes interested in
estimating some function of 6 - say t(6) - rather than 6 itself. In
exercise, 9.94, you will prove that if t(6) is a one-to-one function
of 6 and if f is the MLE for 6, then the MLE of t(6) is given by
t(6) = t(f).

This result, sometimes referred to as the invariance property of
MLEs, also holds for any function of a parameter of interest (not
just one-to-one functions).
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Method of Maximum Likelihood

Exercise 9.81

Suppose that Y7, Y5, ..., Y, denote a random sample from an
exponentially distributed population with mean 6. Find the MLE of
the population variance 6.
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Method of Maximum Likelihood

Exercise 9.85

Let Y1, Y2, ..., Y, be a random sample from the probability density
function given by

rapy ey >0,

F(yla,0) =
(vla6) 0 elsewhere,

where o > 0 is known.
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Method of Maximum Likelihood

Exercise 9.85

a. Find the MLE 4 of 6.

b. Find the expected value and variance of @MLE.

c. Show that éMLE is consistent for 6.

d. What is the best sufficient statistic for 6 in this problem?

Al Nosedal. University of Toronto. STA 260: Statistics and Probability Il



Method of Maximum Likelihood

Solution a)
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Method of Maximum Likelihood

Solution a)

InL(0) = (o — 1) Z In(y;) — 1 Vi — ninl(a) — naln(6)
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Method of Maximum Likelihood

Solution a)

dinL(#) > 7, yi — nad

do 02
é\MLE - X
8]

STA 260: Statistics and Probability I
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Method of Maximum Likelihood

Solution a)

(Let us check that we actually have a maximum...)

d?InL(6)  —237yi+ nab

do? 63
dZ/FIL(éMLE) —a3n
sz~ g2 <0
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Method of Maximum Likelihood

Solution b)
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Method of Maximum Likelihood

Solution ¢)

Since 0 is unbiased, we only need to show that

) A ) 6°
limp_o0 V(OpLe) = limp—oo— = 0.
an
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Method of Maximum Likelihood

Solution d)

By the Factorization Theorem,

e ZI 1)/,/6

Zy!ﬁ —gan

and

|—|7 yloc—l
h()/17}’27~-7}’n)— [I—(l )]n
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Method of Maximum Likelihood

Example 9.15

Let Y1,Y5,..., Y, be a random sample from a normal distribution
with mean y and variance 2. Find the MLEs of ; and o2.
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